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ABSTRACT 

Radiation from a narrow circular ring shows a characteristic double-horn profile dominated by 
photons having energy around the maximum or minimum of the allowed range, i.e. near the extremal 
values of the energy shift. The energy span of a spectral line is a function of the ring radius, black hole 
spin, and observer's view angle. We describe a useful approach to calculate the extremal energy shifts 
in the regime of strong gravity. Then we consider an accretion disk consisting of a number of separate 
nested annuli in the equatorial plane of Kerr black hole, above the innermost stable circular orbit 
(ISCO). We suggest that the radial structure of the disk emission could be reconstructed using the 
extremal energy shifts of the individual rings deduced from the broad wings of a relativistic spectral 
line. 

Subject headings: galaxies: nuclei — black hole physics — accretion, accretion disks 
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1. INTRODUCTION 

Emission from inner regions of accretion disks around 
black holes provides wealth of information about mat- 
ter in extreme conditions. Relativistic spectral line 
of iron, broadened and skewed by fast orbital motion 
and rcdshifted by strong gravitational field, has been 
used to constrain the parameters of the black hole , 
both in active galactic nuclei (AGN; iFabian et ail 120001 : 
IRevnolds fc No wak 2003; M u1ct|20071) and Galactic blac k 
holes (|Miller et al.ll200alMcClintock fc Remillardll2006l ). 
During recent years, much discussion has revolved round 
the question of how close to the innermost stable circu- 
lar orbit (ISCO, also called the marginally stable orbit, 
r — r ms ; iMisner et al.lll973h the accretion disk extends, 
whether the line is produced all the way down to the in- 
ner edge, and if the emission from the accretion disk can 
b e approximated by a smooth r adial profile. 

IRevnolds fc B cgelman (|1997| ) point out that there 
could be some non-negligible contribution to the reflec- 
tion line originating even below ISCO. This idea has been 
put in a more specific c ontext of magnetized accretion 
flows, as dis cussed e.g. bvlBeckwith et al.l (|2008l) . On the 
other hand, IRevnolds fc Fabianl (|2008f) explored the flow 
properties close to the black hole and they demostrated 
that the presence of ISCO leaves a strong imprint on the 
X-ray reflection spectrum of the accretion disk due to 
the rapid increase in ioniz ation parameter. Furthermore, 
iMartocchia et all (|2002aD conclude, on the basis of the 
X-ray iron line modeling in GRS 1915+105 microquasar, 
that the line p roduction is limited to the region above 
the ISCO. Also lSvoboda et al.l d2010h found a convincing 
case for a disk being truncated rather far above the ISCO 
(this ti me in a Seyfer t 1.5 galaxy IRAS 05078+1626), 
whereas I Turner et al.l (|2010l ) suggest that a persistent 
5.44 keV feature exhibited by another Seyfert 1 AGN, 
NGC 4051, could originate from a preferred radius of 
the order of a few ISCO. 

Despite a simple prediction for the radial dependence 
of the disk em ission provided by the st a ndard accretion 
disk scenario (|Novikov fc Thornd [l973t iPage fc Thor^i 
|1974|) . a realistic emissivity of a spectral line is not well 



constrained. In this paper we suggest that the function 
of radial emissivity could be deduced if the line is pro- 
duced in discrete rings rather than a whole continuous 
range of radii. Such an assumption is in fact a very real- 
istic one; in the end the smooth radial profile will have to 
be replaced by a more complicated emissivity law, which 
will reflect the mechanism generating the line in a patchy 
disk structure, perhaps originating from episodic accre- 
tion events. The formation of detached annuli has been 
seen a lso in some models of str ongly magnetized plasma 
disks ()Coppi fc Roussea"ull2006D . where they can develop 
a periodic structure in radius. Although there is still a 
long way to prove that such structures could emerge in 
radiation spectra, it is a real possibility that should be 
tested observationally. 

The existence of ring structure could be revealed by 
future detailed spectroscopy of the spectral line wings. 
To this end we develop a rigorous method of calculating 
the expected energy range of a spectral line, taking into 
account the effects of strong gravity on photons proceed- 
ing from the disk to the observer. These photons may 
follow complicated routes, but we assume that they do 
not cross the equatorial plane of the black hole and are 
neither absorbed nor scattered by environment outside 
the accretion disk. We give accurate extremal shifts over 
a wide range of parameters. 

The adopted setup is relevant for geometrically thin, 
planar accretion disks. Needless to say, the method 
will require high energy resolution together with a suffi- 
cient number of counts in the observed spectrum. The 
former condition is achievable with X-ray calorimeters. 
The latter one imposes a more serious limitation, how- 
ever, bright Galactic black holes seem to be appropriate 
sources. Even if an immediate application of the idea is 
not possible at present, the calculation of the extremal 
energy shifts is by itself an interesting addition and of 
practical use in future. 

The paper is organized as follows. In Section [2] we in- 
troduce the model of nested rings as a representation of 
the iron line emissivity from such a radially structured 
disk. In Section [3] we describe the method of calculating 
the extremal energy shifts. We provide an iterative semi- 
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analytical solution for the extremal shifts, g max and g m in, 
as functions of three parameters: the emission radius r em , 
spin parameter a, and the inclination angle i. In order to 
demonstrate the dependencies, we show a graphical rep- 
resentation of <? max and f/ m i n in terms of parametric plots 
over the three-dimensional parameter space. Finally, in 
sections 0] and [5] we discuss and summarize our results. 

2. RELATIVISTIC LINE AS SUPERPOSITION OF RING 
PROFILES 

Relativistic spectral lines have been modeled via vari- 
ous approaches, analytical and numerical ones. But one 
may also ask a simpler question about the extremal en- 
ergy shifts, which basically give only the line width and 
the position of the two horns rather than a detailed spec- 
tral shape. A double-horn spectral profile is a specific 
feature of a ring positioned at a given radius. Although 
the calculation providing just the extremal shifts should 
seemingly be easy, it has not yet been brought out in a 
systematic manner. 

Fine substructures of the relativistic line from the ac- 
cretion disk can be used to constrain the inclination an- 
gle, radial emissivity distribution in the disk plane, and 
even the angular momen tum of the central black hole 
(jBeckwith fc Pond 12001 . Figure □ illustrates this by 
showing the formation of a model spectrum originating 
as a superposition of several ring profiles. Blue and red 
horns of the separate rings rise up above the central body 
of the line. They can be recognized in the wings of the 
total profile (relative normalization of the rings fluxes has 
been set proportional to r -3 ). Sharp peaks of the spec- 
tral profile from a narrow ring occur at the maximum 
and minimum values of the observed energy. 

Let us note that the idea of studying the sig- 
natures of black holes via spectroscopy of radiation 
sources in relativistic orbital m otion has a long history 
(|Cunningham fc Bardeenlll973l ) . Theoretical light curves 
and spectral line profiles were calculated including var- 
ious effects of general relativity: the frame-d ragging 
extreme light-bending, and multipl e images (IKoiimal 
19911 iLaoif fl99ll . IKaras et all [1992: IMatt et all 11991: 
Fanton et al.lll997l and further references cited therein). 

We concentrate on direct evaluation of the extremal 
shifts, while the available numerical tools can be used 
to test o ur results. To this en d, we employ the ky suit 
of codes (jDovciak et al.H2004bT) , which includes kyrline 
routine for the desired observed shape of a relativistic 
line. In order to achieve high accuracy of simulated lines 
from very narrow annuli (Ar < 0.1), we found the kyr- 
line code to be superior in the sense that the resulting 
profiles do not contain artificial numerical oscillations Q 
This high accuracy is important for understanding the 
interplay of general relativistic effects (energy shifts and 
the light bending) that form the spectral profile, because 
the final shape is more complicated than a simple special- 
relativistic double-horn line. 

3. EXTREMAL ENERGY SHIFTS FROM A RING 

1 The code struggles with numerical issues only for infinitesimal 
rings and very large (edge-on) inclinations, Ar < 0.01 and i > 
89°. These limitations do not pose any problem for objects seen 
at moderate and even rather high inclinations (i < 85°), and the 
new version of the code (Dovfiiak et al., in preparation) improves 
also these extreme cases. 



3.1. Light rays as null geodesies 

We consider a spectral line originating from the sur- 
face of a geometric ally thin, optically thick (standard) 
accretion disk (e.g.. iFrank et al.l I2002H . Propagation of 
photons from the disk is tr eated in the limit o f geomet- 
rical optics in Kerr metric (|Misner et alJU97"3 )FT 

Geodesic motion is determined by three constants of 
motion: the total energy £, the azimuthal component of 
angular momentum L z , and Carter's constant Q. For 
photons, null geodesies are relevant, and for them the 
number of free constants can be further reduced by re- 
normalizing L z and Q with respect to energy: A = L z /£ , 
q 2 = Q/£ 2 . For photons propagating from the accretion 
disk towards a distant observer, the initial point is set at 
a given radius in the equatorial plane of the black hole, 
whereas the final point is at radial infinity, along the view 
angle of the observer. 

Carter's eq uations for lig ht rays can be written in the 
integral form (|Carterlll968|) . 
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fi = cos 6, and a is the dimensionless spin of the black 
hole (0 < a < 1). The left-hand side of eq. (TTJ) de- 
scribes the motion in radial coordinate, while the right- 
hand side concerns the latitudinal motion. These equa- 
tions can be integrated in terms of elliptic integrals (e.g., 
IRauch fc Blandfordl[l99l ICadez et allll99l . Roots of 
polynomials R(r) and 0(/i) correspond to turning points 
in the radial and latitudinal directions, respectively. 

The radial polynomial can be expressed in the form 
R = (r — ri)(r — r<2)(r — T^){r ~ r±), where 



n, 2 = |F±^_ 



1/2 



r, A = -\F±\D 1 / 2 



(4) 



are roots of the polynomial R(r). The latitudinal poly 
nomial adopts the form 0(/i) = a 2 (fi 2 _ + // 2 )(/i^_ — /i 2 ) 
with q 2 > and the roots 
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We denoted constants: 

^(a 2 -A 2 - 2 ), 
B = {a- X) 2 + q 2 , 
C = A 2 - 12a 2 q 2 , 
D = 2A 3 + 72a 2 q 2 A 



(5) 
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£ = A[(l£ + )V3 + ( l£.)l/3], 
F={E -lA) 1 ' 2 , 
G = \ 2 + q 2 -a 2 , 

2 Hereafter, we express lengths in units of gravitational radius, 
r g = GM/c 2 = 1.48 x 10 12 M 7 cm, where M-j is the mass of the 
black hole in units of 10 7 solar masses. We use Boyer-Lindquist 
spheroidal coordinates, {t,r,9,<j>)- 




Figure 1. Forming a double- horn spectral line by superposing profiles of several narrow-rings. Left: theoretical profiles from a set of 
nine infinitesimally narrow rings orbiting in the equatorial plane of a Kerr black hole. Radii of the rings increase equidistantly from r = 2 
to r = 18 gravitational radii. Broader and more redshifted profiles correspond to smaller rings, which rotate at faster speed and reside 
deeper in the gravitational well. Energy is normalized to the unit rest energy of the line; each profile then extends from g m i n to g ma x for 
its corresponding parameters. Background continuum is subtracted. Right: as on the left, but with rings of a small (finite) radial extent of 
Ar = 1. The rest energy of the line is set to 6.4 keV and a power-law continuum added to reflect the fact that line profiles in real spectra 
are obtained by considering the proper underlying continuum. Dashed lines denote the individual components forming the prototypical 
spectrum; the latter is shown by the solid line. The signature of the individual rings is visible in the wings of the final profile. The common 
parameters of both plots are: observer inclination 75° (i.e. close to the edge-on view), black hole spin a = 0.998 (prograde rotation). 



with D± 
4C 3 ) 1 /2. 
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E ± 4BF" 1 , and E± = D ± {D 2 



3.2. Photon energy on arrival to observer 

The energy shift is defined as ratio of observed E to 
emitted E c photon energy 

9= E~- 



(6) 



The emission source orbits with four-velocity u = 
u*(l,0,0,Q), where 



1 - 2r ( T 1 (1 - an) 2 - (r 2 c + a 2 ) & 



-1/2 



(7) 



with Q(r e ) = (>e /2 + 



— ,,, i a) . Introducing the angular ve 

locity into eq. ([S]), the energy shift is 

1 1 

9 = 



u* 1- XCl' 



(8) 



We look for extremal values of the function ((8]) . The def- 
inition domain of the energy shift as a function of spe- 
cific angular momentum, g(A), is an interval (A m i n , A max ), 
which is constrained by the condition of photon reaching 
the observer. 

Even though the equations of the previous section are 
fairly well known and were discussed in various papers, 
the extremes of the redshift function g are not so easy 
to write in an analytical way. Let us remark that an el- 
eg ant way of determ ining the energy shifts was derived 
bv lSchee et al.l (|2005f) in terms of the light emission loss 
cone. However, their approach allows only to find the 
extremal energy shifts of all photons emitted from the 
source at a given position. This includes also those which 



follow indirect light rays and cross the disk plane. Al- 
though the family of direct light rays have generally a 
simpler shape than the indirect rays, the additional con- 
dition prevents us from using the loss cone method to 
determine the range of energy shifts for a source in the 
accretion disk. 

Only certain combinations of roots and turning points 
are relevant for light rays involved in our discussion, i.e. 
those starting from the equatorial ring and reaching a 
given observer, not crossing the equatorial plane for the 
second time (we assume that the rays crossing the equa- 
torial plane are obstructed by the disk). We obtain the 
following combinations. 

THE RADIAL INTEGRAL, FOUR REAL ROOTS. 
We find 



dr 



g r [F(ip ,k r ) ±F(ip c ,k r )], 



(9) 



where F(ip,k r ) is the ell iptical integral of the first kind 
(|Bvrd fc Friedmadll97ll ). 

3r (A,q 2 ) = 2(r 1 -r 3 )- 1 /2( r2 _ r4 )-i/2 i 



K{X,q 2 )- 



(72 - r 3 )(n - r 4 ) 
(n - r 3 )(r 2 - r 4 ) ' 
1/2 



<,5 (A, q ) = arcsin 



</3 c (A, q 2 ) — arcsin 



^2 ~ r 4 
n - r 4 

(r 2 - r 4 )(r c - ri) 



nl/2 



(ri - r 4 )(r c - r 2 ) 



The upper sign in eq. ([9]) refers to the case of light rays 
passing through a turning point in the radial direction; 



4 V. Karas and V. Sochora 

the lower sign refers to those with no radial turning point. 
THE RADIAL INTEGRAL, TWO COMPLEX ROOTS. 



We set n,2 = u ± iv to denote the complex roots, and 
r 3 ^ to be the real roots. Then, u = ^F, v = ^D-] 1 / 2 . 
The radial integral adopts the form 



dr 



VW) 

I e 

where 

5r(A,g 2 ) 

k r (X,q 2 ) 



■ g r [F(ip Q , k r ) - F(ip e , k r )] . 



(10) 



(Ac + B c ) 2 - (r 3 - r 4 ) 2 
4A C B C 

A r - B~ 



tp Q (X, q 2 ) =arcc 

(fi c (X, q 2 ) — arcc 

A c (X,q 2 )=[(r 3 -u) 2 + 
B c (X,q 2 )=[(r 4 -u) 2 + 



A c + B c _ 

(A c - B c )r c + r 3 B c - r 4 A c 



(A c + B c )r c - r 3 B c - r 4 A c 
..21 V2 



21 V2 



THE LATITUDINAL INTEGRAL. 
The latitudinal integral can be written in the form 

fie 



d/t 



y/e(l*,\,q 2 ) a 



(11) 



assuming that the light ray has no latitudinal turning 
point. Otherwise, the appropriate form of the integral is 



d/i 



= 9 -^[2K(k lx )-F(^k li % (12) 



o 

where 



g,(\,q 2 ) = ( r i 2 + +^r 1/2 , 
k,(\,q 2 )= t , 2 + (n 2 + +LL 2 _)-\ 



i/>(A, q 2 ) — arcsin 
and K(k fi ) = F(l,k tt ). 



^(m++^-) 



1/2 



3.3. Iterative solution for extremal shifts 

We search for the extremal values </ m in, (/max of the 
redshift function ([5]), under a simultaneous constraint by 
cq. (P). Lagrange multipliers provide a suitable strategy 
for finding the constrained extremal values. To this end, 
the multipliers a are defined by the relation 



A(X,q 2 ,a) 



1 1 

^T~XQ "J jR(r,X,q 2 ) 
d/i 



V©(^A,<z 2 ) ' 



(13) 



where partial derivatives of the Lagrange function 
A(A, q 2 , a) with respect to A, q 2 and a must vanish iden- 
tically. The latter condition yields two coupled equations 
for the unknowns A and q 2 , 



fi = 



dr 



dfi 



VWXq 2 ) J Ve(/i,A,g 2 ) 



0, (14) 



and 



dfi 



d 
dq 2 



dr 



d/i 



0. 



(15) 



The value of A conforming to eqs. (fT4| -([T5 |) corresponds 
to the desired extremes of the energy shift. 

In order to evaluate the extremal values of g, we solve 
the set (fl"4]) - ([T5l) using the Newton-Raphson method. To 
this end we write Taylor expansion about the root neigh- 
borhood, 



M\q 2 



-0 = fi(X n ,ql) + (X-X n )^(X n ,q 2 n ) 

i I 2 2\ ®fl / \ 2\ 
+ (<? - 9n)^2"( A n,<7 n ) 



+ 0(X - A n ) 2 + 0(q 2 



(16) 



f 2 (X, q 2 )=0 = / 2 (A„, q 2 n ) + (A — A n )^(A n , g 2 ) 



+ (« - <ln)-g^( X n,q n ) 

+0(X-X n ) 2 + 0(q 2 -ql) 2 7 



(17) 



where n is the order of the expansion (to be determined 
by the desired accuracy of the solution). We define 
AA n = A — A n and Aq 2 = q 2 — q 2 to obtain two rela- 
tions for AA n and Aq 2 , 

AA„^(A n ,<? 2 ) + Aql^(X n ,q 2 n ) « -fi(X n ,q 2 n ), (is) 

AX n ^(X n ,qi) + Aq 2 



■ 2 . , \„2_^h.f\ .:- 
dq 2 



where 



A 9l 2 



(A„,<z 2 )«-/ 2 (A„, g 2 ), (19) 

fl f2,\ — fl fl,\ 



AA n = 



/l,A f2,q 2 - fl,q 2 f2,X ' 

fi - Ag 2 A, 9 2 



l.A 



(20) 



(21) 



Eqs. (p~8 |) (fl9]) are linear in AA n and Ag 2 . The solution 
can be found by successive iterations, 



An 



A n + AA n , 



9n+l 



A 9 2 , 



(22) 



Results are plotted in Figures HHH where we show the 
extremal shifts as a function of the two main parameters: 

(i) dimensionless spin of the black hole (0 < a < 1); and 

(ii) emission radius r Gm of the ring (r ms < r cm , expressed 
in units of gravitational radii). The inclination angle i 
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Figure 2. Extremal shifts of the observed photon energy for different view angles of the observer (cos i, given on top of each panel). Left 
panels: The magnitude of g m ax versus g m j n . Right panels: As on the left but showing the normalized values on the ordinate (for better 
clarity of the plot, especially at lower inclinations). Each pair of <? m ax, <? m i n values gives the corresponding emission radius r cm and the 
black hole spin a. Curves of constant r em and the spin a are distinguished by different line width (the values are written in brackets). 
ISCO radius r = r ms defines one boundary of the plot (dotted curve). See the text for details. 



stands as a third parameter, which we keep fixed in each 
of the figures (see the cosine of inclination on top of each 
panel, < i < 90°; edge-on view of the disk corresponds 
to i = 90°). 

The behavior of the curves is determined by the inter- 
play of Doppler effect, strong-gravity lensing, and light 
aberration near the black hole. By increasing r (with 
a and i fixed) both <? m i n and <? ma x increase when i is 
small, showing that the dominant factor is the gravita- 
tional rcdshift rather than the relativistic beaming. On 
the other hand, the latter becomes important for large 
inclinations. 

The method of solution is efficient enough and it al- 
lows us to explore parameters in a systematic way. On 
the other hand, because the parameter space is quite 
rich and the plots contain wealth of information, one 
may need to get accustomed to the actual meaning of 
the presented curves. Broadly speaking, the approach- 
ing side of the ring produces photons around g max en- 
ergy, whereas the receding part gives <7 m i n for the given 
radius and spin. These trends are further influenced by 
the overall gravitational redshift, which eventually pre- 
vails as the emission radius approaches the horizon, and 
the light bending effect, which enhances the signal from 
a region of the disk around the radiation caustic at high 



view angles. 

We remind the reader, that the extremal shifts <? m i n 
and g max play a role of observable quantities. It is con- 
venient to have them given directly on the axes. Given 
<7min, 3max one can immediately find the corresponding 
values of the emission radius and the black hole spin. 
The set of Figures [2HH covers the parameter values usu- 
ally considered when modeling the accreting black hole 
sources, i.e. the emission originating from near above the 
ISCO. 

We also constructed the normalized plots, where 
S'max(a) on the ordinate is divided by its value for a — 
0.999. These graphs are given in the right panels of Fig- 
ures [2H3] for comparison with the unnormalized graph for 
high inclinations (cosi < 0.4) in left panels. For lower 
inclinations we give only normalized graphs (cosi > 0.5; 
Figured]) because in this case the dependence on the spin 
is very weak. 

Finally, the normalized graphs are supplemented by 
Figure [5j which has been constructed just for the fixed 
value of a — 0.999. It allows us to read the normaliza- 
tion factor and to reconstruct the absolute values of the 
extremal shift in previous plots. 

4. DISCUSSION 
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Figure 3. As in the previous figure, but for lower inclination angles. By decreasing the inclination the dependency on the black hole spin 
becomes less prominent, and so the curves for different a get closer to each other. Therefore, in the left column we show an inset where 
the relevant part of the plot is enlarged. 



Wings of the relativistic line become more complex 
when the outgoing signal is integrated over a finite range 
of radii. This is also the case of the aggregate line profile 
that has been frequently considered as originating from 
a radially extended zone of an accretion disk. According 
to the relativistic version of the standard disk model the 
emissivity has a maximum near above the ISCO and it 
falls down towards the inner rim as well as towards in- 
finity, however, the dissipation in a hot corona does not 
need to follow this law. Therefore, the line radial emis- 
sivity cannot be inferred solely from the standard disk 
model. Part of the information from the spectral profile 
is lost in the radially integrated spectrum. 

How could the extremal shifts be used to reconstruct, 
at least in principle, the putative rings forming the spec- 
tral line radial emissivity profile? The main underlying 
assumption requires that the horns are resolved in the to- 
tal observed profile. In fact, the right panel of Figure Q] 
exhibits the individual components, which are summed 
to form the final line profile. Each of these partial con- 
stituents corresponds to one elementary ring, radius of 
which can be read from the g ma x vs. g mm graph. In 
this way the observed profile can be decomposed into the 
components. The required time resolution of the method 
is of the order of orbital time at the innermost ring We 

3 Keplerian orbital time as function of radius and spin of Kerr 



further assumed that an independent constraint on the 
disk inclination angle can be given. This can be based 
for example on the ratio of equivalent widths of the two 
horns. Then one will be able to read the emission radius 
and the black hole spin from our graphs. Or, instead 
of the graphical method, a fitting procedure can be em- 
ployed using pre-computed tables of the energy shifts. 

Naturally, this decomposition of an accretion disk into 
rings does not distinguish between the case of almost 
steady rings versus transient features that exist for a 
shorter period of time. The two cases should produce 
the same orbit-integrated profiles, so in this respect the 
assumption about the ring structure stands in the ba- 
sis of our method. This was discussed in more detail by 
ICzernv eF al. (2004), who had developed an approxima- 
tion for the mean spectra of transient flares, which they 
treat in terms of "belts" representing the time-averaged 
traces of the flares on the disk surface. This scheme pro- 
duces the ring structure of the reflection spectra of the 
line emission fully consistent with the picture adopted in 
the current paper. 

We note that another approach to the problem of 
constraining the radial emissivity of the iron line, by 
well-resolved time-independent spectral profiles, was dis- 
cussed bv iCadez et all (|2000ft . or by using the hot-spot 



black hole is given by T or | 3 (r; M, a) = 310 



i ! 2 



M 



WTT. 



■ 



Extremal energy shifts of radiation from a ring. 



7 



cos(i) = 0.50 



cos(i) - 0.60 



[0.01; 6.0] [0.01; 7.0] 

[01; 5-68] .j^zrzrrt-— J°' 01;8 ' 01 

[0.2; 5.34]£ 
[0.3; 4.99k; 




cos(i) = 0.70 




[a = 0.9; r BW = 2.33] 



[0.01 ;7J ! g^ 







7~T L^^^*7^vM Q - m ' m [0 ' 99: 

/ i--'7^f<3Kr 1° 1 ; 5.S8] 
7 Y/f/Ir °' 3; 4S9] 












///' [0-5; 4.24] 






/ .'[0.6; 3.84] 




J * ' [0 


7; 3.40] 



0.1 


0.2 


0.3 


0.4 0.5 0.6 0.7 








cos( 


9min 
= 0.80 










t""TT — V I 1 I ■' ■-■ f--^--=^aB^Lu.ui; n.o] 
/ \ -^\ \ ill t t fr°i; 9 -°] 










A / ,4/jM^/[0.01;B.0] 

// f\f Im ^P-i;5.es] 

y I A/. [0.2; S.34] 

// ///' P- 3 ; 4 -"] 










// • [0.4; 4.62] 
[0.5; 4.24] 






,' [0. 


.'[0.6; 
;3.40] 


3.34] 


"[0.99; 1.45] 


/ ,* [0 


3; 2.92; 








-0.9; r am = 2.33] 




a 

r ms 





Figure 4. Normalized graphs of g max vs. cj m i n for low inclinations, 
corresponds to the view of the disk along the rotation axis. 



i.e. close to the face-on view of the disk plane. Bottom-right panel 



scenario by iMurphv et al.l (j2009[ ). However, the cur- 
rently available data do not allow us to achieve the high 
time resolution necessary to reveal the individual orbit- 
ing spots in AGNs; this would require to study time- 
scales of the order of T or b, which is for supermassive 
black holes typically ~ 10 3 sec and shorter. Therefore, 
significantly higher collecting area is needed. Alterna- 
tively one could apply this approach to accreting Galac- 
tic (stellar) black holes, which can be brighter. In fact, 
the relativistic iron line has been measured in several 
stellar blac k holes - e.g. the case of GRS 1915+105 mi- 
croquasar (jMartocchia et al.l 1200 2b') . or see the recent 



discu ssion of XTE J1550-564 microquasar (jSteiner et al.l 
120101 and references cited therein). However, in the case 
of stellar-mass black holes the time-scales are expected 
to be shorter, as follows from the mass-scaling relation. 

The above-mentioned approaches offer a potentially in- 
teresting application (though neither is useful in the con- 
text of present data). Either significantly higher num- 
bers of photon counts are required, or one needs to catch 
the accretion disk in a state when a very small number 
of well-separated annuli dominate the line emission, so 
that the two different annuli of the accretion disk can be 
distinguished from each other. 
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Figure 5. Extremal energy shift for a = 0.999. Set of contours of constant inclination angle and of constant emission radius are shown. 
This plot gives the scaling factor g ma x(c = 0.999) of the normalized graphs in Figures l2H4l 



5. CONCLUSIONS 

Calculation of the extremal energy shifts in Section |3] 
and their graphical representation in Figures EHU are the 
main results of the paper. The principal assumption of 
the proposed application is about discrete rings form- 
ing the line emission. Knowing the extremal shifts can 
be useful also in another context, namely, the narrow 
(emission) lines produced by orbiting transient flares and 
spots on the accretion disk surface (jDovciak et al.l f2004a; 
iDe Marco et al.l l2009f ) . Given the intrinsic emission en- 
ergy, the extremal energy shifts define the range where 
these spectral features can appear in the observed spec- 
trum. 

We examined theoretical profiles of the relativistic 
spectral line emerging from a set of concentric narrow 
rings which, as a whole, form a radially extended zone 
of an inner accretion disk. In particular we developed a 
systematical approach to determine the maximum and 
minimum energy shifts of the observed line as a function 
of the model parameters. As a motivation for our study 
we have mentioned non-monotonic radial profiles of emis- 
sivity that are consistent with intermittent episodes of 
accretion, and models of magnetized plasma rings with 
radially periodic structure. 

We constrained our calculations to photons arriving 
along direct light rays, i.e., we ignored the higher-order 
images that could arise by rays making several revolu- 
tions around the black hole. This constraint is well- 
substantiated: firstly because the flux in these indi- 
rect images decreases exponentially with the image order 
(n = 2, 3,...), and secondly these images are anyway 
blocked by the accretion disk. 

We also neglected some other complications, such as 
the role of obscuration, the impact of geometrically thick 
(non-planar) shape of the accretion disk, or its warping. 



We expect that for example the role of sou rce covering 
by in tervening clouds along the line of sight (jKaras et al.l 
2000) will not affect the results although it could make 
the proposed method more difficult by enhancing the 
fluctuations of the observed signal. In case of AGN, the 
role of accretion disk self-gravity can be important as it 
can significantly a ffects the vertical height of the outer re- 
gions of the disk ()Karas et al.ll2004T) . These effects should 
be considered in a future work. 
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